A MORDELL INEQUALITY FOR LATTICES 
OVER MAXIMAL ORDERS 



STEPHANIE VANCE 

Abstract. In this paper we prove an analogue of Mordell's inequality for lat- 
tices in finite-dimensional complex or quaternionic Hermitian space that are 
modules over a maximal order in an imaginary quadratic number field or a to- 
tally definite rational quaternion algebra. This inequality implies that the 16- 
dimensional Barnes- Wall lattice has optimal density among all 16-dimensionaI 
lattices with Hurwitz structures. 



1. Introduction 

Lattice sphere packings in n-dimensional Euclidean space are configurations of 
congruent spheres with disjoint interiors in which the sphere centers form a lattice. 
These geometric objects and more specifically their densities, i.e., the proportions 
of space covered by the spheres, have been an active area of research over the past 
several centuries. One particular problem in this research area that has received 
much attention is the n- dimensional lattice sphere packing problem. For this prob- 
lem one must determine the optimal density of a lattice in n-dimensional Euclidean 
space, with the density of a lattice defined to be the density of the lattice sphere 
packing obtained by centering at each lattice point a sphere with radius equal to 
half the length of the shortest non-zero lattice vectors. Remarkably this problem 
remains open for all dimensions > 8 with the exception of dimension 24; see |CS1| 
and 'CK' for more details regarding the known optimal lattices in dimensions n < 8 
and dimension 24. 

In most low dimensions divisible by 2 or 4, at least one of the densest known 
lattices has an Eisenstein or a Hurwitz structure respectively; i.e., at least one of 
these lattices is isometric to a lattice in a complex or quaternionic Hermitian space 
that is a module over the Eisenstein integers £ = 'L[ ^^^^~^ -\ in the complex field C 
or the Hurwitz integers % = j, i±i±i±*l] in the quaternion skew-field 

H = {a + foi + cj + rffc : a, b,c,d £ R, = = —1 and ij = —ji = k}, 

respectively. For example, the densest known lattices in every even dimension up 
to 24 all have an Eisenstein structure, and the densest known lattices in dimensions 
4, 8, 16, and 24 all have a Hurwitz structure (note that the densest known 12- 
dimensional lattice does not have a Hurwitz structure) . The existence of this extra 
algebraic structure among the densest known lattices makes it natural to consider 
the 2m-dimensional Eisenstein and 4m-dimensional Hurwitz lattice sphere packing 
problems, i.e., determine the optimal density of 2m and 4m-dimensional Eisenstein 
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and Hurwitz lattices. Even if the densest lattices in certain dimensions do not have 
an Eisenstein or a Hurwitz structure, it would still be interesting to determine the 
optimal density of the lattices that do satisfy these additional algebraic constraints. 

In this paper we address the 2m and 4m-dimensional Eisenstein and Hurwitz lat- 
tice sphere packing problems simultaneously by considering Eisenstein and Hurwitz 
lattices in the more general context of O-lattices, i.e., lattices in finite-dimensional 
complex or quaternionic Hermitian space that are modules over a maximal Z-order 
O in an imaginary quadratic number field or a totally definite quaternion Q-algebra, 
respectively. In the next section we prove several propositions for O-lattices and 
their determinants, i.e., the squared volumes of their fundamental regions. These 
propositions are used in Section 3 to prove a Mordell inequality for O-lattices which 
relates the optimal value of the Hermite invariant of O-lattices in two consecutive 
complex or quaternionic dimensions. Note that the Hermite invariant of an n- 
dimensional lattice A is directly proportional to the power of its density 

and is given by the formula 

7(A) = 

' det(A)i/"' 

where N(A) denotes the norm of A (i.e., the norm of the shortest non-zero vectors 
in A) and det(A) denotes the determinant of A. Then in Section 4 we use the 
Eisenstein and Hurwitz versions of this Mordell inequality to obtain upper bounds 
for the Hermite invariants of Eisenstein and Hurwitz lattices in low dimensions, 
and we show that the 16-dimensional Barnes- Wall lattice has optimal density as a 
16-dimensional lattice with a Hurwitz structure. 

While the focus of this paper is on Eisenstein and Hurwitz lattices, we also 
consider in Section 5 Gaussian lattices in C™ (i.e., O = and the lattices in H™ 
that are modules over the ring O = ^^]. As with the Eisenstein and 

Hurwitz cases discussed above, some of the densest known lattices in dimensions 
2m and 4m have one of these O-lattice structures. Note that all four types of O- 
lattices discussed in this paper can be regarded as G-lattices in the sense of |Ma[ 
ch. 13]. 

2. O-Lattices in Complex and Quaternionic Hermitian space 

The following notation is used throughout this paper. 

• Let IK denote either the complex field C or the quaternionic skew-field H, 
and let r denote the rank of K as an K-algebra, i.e., r = 2 or r = 4. 
Then let x t-^ x denote complex conjugation when K = C and quaternionic 
conjugation, i.e., a + bi + cj + dk i-^ a — bi — cj — dk for a, b,c,d G R, when 
K = H. 

• When K = C let v4 denote an imaginary quadratic number field and when 
K = H let ^ denote a totally definite quaternion Q-algebra. In both cases 
we shall identify K with M (E)q A. 

• Let O denote the image in K of a maximal Z-order in the Q-algebra A; 
i.e., O is a free Z-submodule and subring of A (where A is identified with 
its image in K) satisfying rank^O = rankRif and QO = A. Then let 

Do = det (^(i {a iUj + ajai))^^^ i<T-J ' '^ti^'^^ ai, . . . , ar denotes a Z-basis 
for O. Note that Dq is independent of the Z-basis for O used to compute 
it, and hence is an invariant of O. 
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• Finally let Erm denote a left m-dimensional IK-vector space with a non- 
degenerate Hermitian product : K x K ^ K (i.e., h is left linear in the 
first variable and right conjugate linear in the second variable) and define 
the inner product of each pair of vectors x,y £ Erm to be 

{x,y) = ^TrK/R{h{x,y)) = i (h{x,y) + h{x,y)^ 

so that N(a:) = h{x,x)_= {x,x)] i.e., the distances defined on Erm by •) 

and (•, •) are the samqj. 
Using this notation we define an rm-dimensional O-latticc to be a left O-invariant 
lattice in Ermi i-e., a lattice in Erm that is a left O-module. In this section we 
prove several propositions concerning an rm-dimensional O-lattice A and its O- 
dual, which is defined to be the O-module 

K* = {x e Erm ■■ h{x,K) C O}. 

Proposition 2.1. // A is an O-lattice in Erm, then is also an O-lattice in 
Erm, o,nd the determinants of these two lattices satisfy the product formula 

det(A) det(A#) =Dg". 

To prove Proposition 12 . II we use the following lemma to deal with the case when 
A is a non-free O-latticc (i.e., when A is not a free O-module). 

Lemma 2.2. For every O-lattice A in Erm there exists two free O-lattices Ai and 
A2 in Erm such that Ai C A C A2. 

Proof. An O-lattice A generates Erm as a real vector space and so must contain 
a K- vector space basis for Erm- Hence we can choose Ai to be the free O-lattice 
generated over O by such a K-vector space basis contained in A. Now consider the 
two Q- vector subspaces QAi and QA of Erm- Both subspaces have dimension rm, 
and since QAi C QA they must be equal. Thus A is a finitely generated submodule 
of QAi, and so we can choose an a G Z such that A C a~^Ai, i.e., A is contained 
in the free O-lattice A2 = a^^Ai. 

□ 

Proof of Proposition \2.1\ We first verify that the O-dual of every O-lattice in Erm 
is also an O-lattice in Erm - Every O-basis for a free O-lattice in Erm is necessarily 
a K-vector space basis for Erm, say fi, . . . ,Vm, and the dual K-vector space basis 
vf,...,vfli satisfying h{vf ,Vj) = Sij is an O-basis for the O-dual. Hence the O- 
dual of a free O-lattice in Erm is also a free O-lattice in Erm- In particular, if 
Ai and A2 are the two free O-lattices in Erm given by Lemma [2.21 then both A^ 
and Af are free O-lattices in Erm- The inclusion Ai C A C A2 then implies that 
A# C A# C Af, and so A"^ must also be an O-lattice in Erm- 

To prove the determinant identity we first consider the case when A is a free 
O-lattice with O-basis vi, . . . ,Vm- Letting ai, . . . , denote a Z-basis for O, the 
vectors {aiWj}i<i<r,i<j<m form a Z-basis for A and the vectors {aivf}i<i<r,i<j<m 
form a Z-basis for A"*. Write the vectors in these two Z-bases using coordinates 

^The factor ^ in the definition of the inner product (■, ■} is inserted to simpUfy later calculations 
and can be omitted without affecting the density of a lattice in Erm- One of the reasons for 
omitting this factor would be to ensure that every lattice A having the property that h{x,y) G O 
for every 3/ £ A is necessarily integral, i.e., {x, y) £ Z for every a;, y £ A. 
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with respect to a fixed orthonormal basis for Erm (the basis being orthonormai 
with respect to the inner product (•, •)), and let M be an rm x rm matrix such 
that for 1 < i < r and I < j < m the {r{j — 1) + ?)"^ row of M is the vector aiVj. 
Similarly let TV be an rm x rm matrix such that for 1 < i < r and 1 < j < m the 
{r{j — 1) + i)*"^ row of N is the vector aiv'f . Observe that the two matrices M and 
N satisfy det(A) = dct(MAf'^) and det(A#) = det(A^A^'^). Hence the discriminant 
idealfSd(A) and d{K*) satisfy 

d (A) d{K*) = Z Aei{MM^) dei{NN'^) 

= 'LAei{MN^f. 

(Note that we are computing the product of discriminant ideals here rather than 
the lattice determinants, so that our calculations can be generalized for the non-free 
case.) 

We can compute the determinant of the matrix MN'^ using the fact that for 
1 < *i, *2 < J" and 1 < ji, j2 < rri: the {r{ji — 1) + ii, r(j2 ^ 1) + ^2)"^ entry in M N'^ 
is equal to 

In particular, MN^ is an rm x rm block-diagonal matrix with m blocks all equal 
to the r X r matrix (i {aioj + Q^j^)) ]^<j whose determinant is Dq. Therefore, 

d(A)d (A#) = Z ^fj Do^ - ZDo^"^, 

and from these equalities the determinant identity follows. 

Now suppose that A is a non-free O-lattice. Notice that in the preceding defini- 
tions and calculations we may replace Z by any localization, in particular by Zp, 
where P is a prime ideal in Z. Letting S ~'L\P we have 

{hp)* = {a; e X : Vs e S", h{x, s^^A) C S-^O}, 

and since /i(a;, s~^A) = s~^h{x, K), we may replace h{x,s~^K) by /i(a;,A) in the 
formula above, showing that {hp)* = {A*) p. Moreover, since Ap is a free Op- 
module ( I AG] ■ Proposition 3.7) generated by a K- vector space basis of Erm, the 
product of the discriminant ideals d(Ap) and d{{Ap)*) is equal to ZpD^'^ = 
IipDq^ (here Dqp is equal to the determinant of the Gram matrix corresponding 
to a Zp-basis for Op). Therefore for every prime ideal P in Z we have 

Zpd{A)d{A*) = d{Ap)d{{A*)p) = d{Ap)d{{Ap)*) = ZpD^", 

implying that d{A)d{A*) = ZD^\ The determinant identity det(A) det(A#) = 
follows from this last equality. 

□ 

Observe from the definition of the O-dual of an O-lattice A that we always have 
the containment A C A**. Now since the determinant identity in Proposition [2T] 
implies that det(A) = det{A**), it then follows that A = A**. 



The discriminant ideal of an n-dimensional lattice A is equal to the ideal in Z consisting of 
the determinants of all n X n Gram matrices {{wi, Wj)) where uii, . . . , w„ G A. Note that since A 
is a free Z-module of rank n, it is not hard to show that d(A) = Zdet(A). 
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We conclude this section with another determinant identity for O-lattices that 
involves the intersection of an rm-dimensional O-latticc A with a K-vector sub- 
space F of Erm and the projection of A onto F-^, i.e., the IK- vector subspace of 
Erm perpendicular to F with respect to (•, •) (or equivalently h{-,-) due to the re- 
lationship between (•, •) and h{-, •)). Note that below we refer to An F as a relative 
lattice in F because it is a lattice in a K-vector subspace of F that may not be 
full-dimensional. Also, we regard both K-vector subspaces F and F-^ of Erm as 
K-Hermitian spaces (and hence call them K-Hermitian subspaces) because we can 
restrict the Hermitian product h{-,-) to F x F and F-^ x F^, respectively. 

Lemma 2.3. Let A be an rm-dimensional O-lattice and let F be a K-Hermitian 
subspace of Erm ■ 

(1) The relative O-lattice An F is an O-lattice in F if and only ifTTp±{A) is 
an O-lattice in F-^. 

(2) If An F is an O-lattice in F, then dct(A) = det(A n F) det{TTp± (A)). 



Proof. This lemma is proved as Proposition 1.2.9 in |Ma| for lattices in finite- 
dimensional Euclidean space. Because AdF and np^ (A) are both O-modules, the 
O-lattice version readily follows. □ 

Proposition 2.4. // A is an rm-dimensional O-lattice and F is a M^-Hermitian 
subspace in Erm, then An F is an O-lattice in F if and only if A"^ n F-^ is an 
O-lattice in F^ . Moreover if these conditions hold and s = dim^^i*", then 

det(A) ^ det(A n F) det(A# n F^)-^ Do^^"'^"'^ ■ 

Proof. For every x £ F^ and y e A we can write h{x, y) = h{x, ttf{v) + t^f^ iu)) — 
h(x,'!TF±{y)), and from this fact we can conclude that {Trp±{A))* = A* n F^. 
Proposition 12.11 then implies TTp± (A) is an O-lattice in F^ if and only if A'^ n F-^ 
is an O-lattice in F-^. (Note that for the backwards direction we are using the 
fact that TTp±{A) is an O-submodule of {A* n F-^)* satisfying Rnp±{A) = F^.) 
Therefore by Lemma [131 (1), A n F is an O-lattice in F if and only if A* n F-'- is 
an O-lattice in F^. 

Suppose now that A n F and A"^ n F-^ are O-lattices in F and F^ , respectively, 
and recall that (7r^i(A))^ = A"^ H F-^. By Lemma [2.31 (2) we have the identity 

det(A) = det(A n F) det{A* n F^)*, 

which by Proposition 12.11 can be rewritten as 

det(A) = det(A n F) det{A* n F^y^Do^^""'"'' ■ 

□ 

3. MORDELL'S INEQUALITY FOR O-LATTICES 

Using the notation introduced in the previous section, define the O-Hermite 
constant 7(0, rm) to be the supremum of the Hermite invariant 

7(A) = 

' det(A)i/("n) 

for an rm-dimensional O-lattice A. Observe that this constant is finite since 
the Hermite invariant of an rm-dimensional lattice is directly proportional to the 
(^) power of its density, with the latter quantity bounded by 1. Moreover, by 



6 



STEPHANIE VANCE 



Mahler's compactness theorem (see [Mat p. 43]) there exists an rm-dimensional 
O-lattice A with det(A) = 1 such that 7(0, rm) = 7(A), i.e., A is an opti- 
mal rm-dimensional O-lattice (note that here we are using the fact that the set 
of rm-dimensional O-lattices with determinant one is closed in the space of rm- 
dimensional lattices, and 7(0, rm) is equal to the optimal value of norms of these 
lattices which must be bounded since 7(0, rm) is finite). 

Below we use the results of Section 2 to prove an inequality relating the O- 
Hermite constants for dimensions r(m — 1) and rm, provided m > 3. We choose 
to call this inequality a Mordell inequality for O-lattices due to its resemblance 
to the inequality 7„_i < ^y^""^)/^""^) in Mordell's theorem (see [Mai p. 41]). In 
Mordell's theorem the constant 7„ denotes Hermite's constant for dimension n, i.e., 
the optimal value of the Hermite invariant of an n-dimensional lattice. 

Theorem 3.1. For each integer m > 3, 

(3.1) 7(0,rm) < 7(0,r(m - 1))^D^^. 

Equality holds if and only if the O-dual lattice of every optimal rm-dimensional O- 
lattice A is also optimal, and for all minimal vectors x G A"^ the relative O-lattices 
A n (Ka;)-"- and A* n Kx satisfy: 

(1) N(An (Kx)^) =N(A), 

(2) A*nKx = Ox, 

(3) 7(A n {Kx)^) = 7(0, r(m - 1)). 

Proof. Let A be an optimal O-lattice in Erm with det(A) = 1, let a; be a minimal 
vector in the O-dual lattice A*, and let E denote the (m— l)-dimensional subspace 
(Ka;) . By Proposition 12. 41 the relative O-lattice Ani^ is an O-lattice in F because 
A* n F^ is an O-lattice in E^ = Kx (note that Ox C A* D F^). Then by the 
definition for the Hermite invariant of a lattice 

7(A) - N(A) 

< N(A n F) 

= -f{Ar\E)det{Ar\F)^T^ . 

We wish to bound the term det(A n E) in the last equality by an expression 
involving the Hermite invariant of the O-dual lattice A'^ . To do this we first use the 
determinant identity in Proposition l2.4l with the definition of the Hermite invariant 
to get 

det(AnJ^) = det{A)det{A* nF^)Do~'^ 
< det{Ox)Do^^. 
Then we let ai, . . . , denote a Z-basis for O so that 
det(Oa;) — det{{{aiX,ajx))i<i,j<r) 




= N{A*yDo. 
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Observe that by Proposition 12. II and the definition of 7(A^), the term N(A'^)'' in 
the last expression is equal to ^{K'^Y Dq^ ■ Hence we have shown that det(C'a::) = 
-yiA*)"^ Do^, with which the upper bound for det(A H F) computed above implies 
that 

det(AnF) < j{A*YDo. 
Substituting the last upper bound for det(A n F) into the initial expression 
involving 7(A) we obtain 

7(A) < j{AnF){-f{A*yDo)''^ 
= 7(An F)7(A^)<^^Do -('"-D 
< '^{0,r{m - l))7(e',rm)I^^i:)c) . 

Then, since 7(A) = 7(0, rm), 

7(0, rm) < 7(0,r(m - l))7(0,rm)I^^£)o^^^^^, 
and from this we obtain our desired inequality, 

7(0, rm) < 7(0,r(m - l))^i:)o^'^^^■ 
Observe that from the above proof of Inequality (3.1), equality holds if and only 
if all of the inequalities introduced in bounding 7(A) are tight, i.e., if and only if 
7(A'^) = 7(0, rm) and (1), (2) and (3) hold for every minimal vector x G A'^ (the 
proof above uses an arbitrary minimal vector x e A"^). More generally, this last 
statement holds for any optimal lattice A that does not necessarily have determinant 
1. □ 

We choose to call the bound for ^{0,rm) given by Inequality (3.1) the Mordell 
bound for rm-dimensional C-lattices. In Corollary 13.21 below we give an iterated 
version of this bound which follows from a simple induction argument with Theorem 
13.11 as the base case. 

Corollary 3.2. For each pair of integers s > m > 2, 

7(0, rs) < 7(0, rm)^ -1) . 

4. ElSENSTEIN AND HURWITZ LATTICES 

Recall that Hurwitz lattices are lattices in quaternionic Hermitian space that are 
modules over the maximal Z-order H = j, i±i±i±^] ^^J^zl^ ^ and we say a 

4m-dimensional lattice (in Euclidean space) has a Hurwitz structure if it is isometric 
to a Hurwitz lattice. Similarly, Eisenstein lattices are lattices in complex Hermitian 
space that are modules over the maximal Z-order £ = 'L\ ^^i^ \ in Q(-\/— 3) (i.e., 
£ is the ring of integers in Q(\/— 3)), and we say a 2TO-dimensional lattice has an 
Eisenstein structure if it is isometric to an Eisenstein lattice. 

In this section we use the Mordell bounds for Eisenstein and Hurwitz lattices 
(Theorem l3.ip to obtain upper bounds for the Hermite invariants of low-dimensional 
lattices with an Eisenstein or Hurwitz structure. The upper bounds we obtain are 
compared in Tables 2 and 4 to the best upper bounds previously known and in 
several instances give an improvement. Note that for the dimensions in which the 
Eisenstein and Hurwitz-Hermite constants are not known, for comparison purposes 
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Table 1. The densest known lattices with Hurwitz structures in 
dimensions 4m < 28 



4m 


Lattice(s) 


Hcrmitc Invariant 


4 


A4 = D4 




^ 1.41421 


8 


As — Es 




2 


12 


A mm A max 


2^/6 s 


:^ 2.24492 


16 


A16 


23/2 . 


2.82843 


20 


A20 


217/10 ^ 


3.24901 


24 


A24 




4 


28 


A28, LL2S 


227/14 ^ 


:i 3.80678 



we use the upper bounds for Hermite's constants in these dimensions proved by 
Henry Cohn and Noam Elkies in |CE| ; the author is not aware of any better bounds 
computed specificany for lattices with an Eisenstein or a Hurwitz structure. 

4.1. The Mordell Bound for Hurwitz Lattices. The densest known lattices 
with Hurwitz structures in dimensions 4m < 28 are listed in Table 1 with their 
Hermite invariant^. The lattices listed in this table for dimensions 4, 8, 12, and 
24 have all been proven optimal as lattices with a Hurwitz structure, and with the 
exception of dimension 12 this is a corollary to their proven optimality as lattices; 
the 12-dimensional lattices listed in Table 1 have been proven optimal as lattices 
with Hurwitz structures by Frangois Sigrist and David-Olivier Jaquet-Chiffelle, and 
a summary of their calculations is given in [Si] 

In Table 2 we list the Mordell bounds for Hurwitz lattices in dimensions 4m < 28 
alongside the best upper bound for 7('H,4m) previously known. Note that each of 
the Mordell bounds listed have been computed iteratively; i.e., if the Mordell bound 
for 4(m — l)-dimensional Hurwitz lattices is an improvement on the best known 
upper bound previously known for 7('H,4(m — 1)), then it is used to compute 
the Mordell bound for 4m-dimensional Hurwitz lattices. We have also included in 
Table 2 a conjectured Mordell bound for 24-dimensional Hurwitz lattices which is 
obtained by replacing 7(H, 20) with 7(A2o) in Inequality (13.11) . 

Notice that the Mordell bound for 16-dimensional Hurwitz lattices is not only 
an improvement on the best upper bound for ^{H, 16) previously known, but it 
is equal to the Hermite invariant of the 16-dimensional Barnes- Wall lattice Aig. 
Therefore we have proved the following theorem. 

Theorem 4.1. The 16-dimensional Barnes wall lattice Aig has optimal density 
as a 16-dimensional lattice with a Hurwitz structure. Moreover, every optimal 16- 
dimensional lattice with a Hurwitz structure contains either A^^'" or A™2^ as a 
12-dimensional section with identical norm. 

Note that we have to be careful when translating the conditions in Theorem l3.1l 
to 4m-dimensional lattices with a Hurwitz structure because it may be possible for 
a 4m-dimensional lattice to have two or more inequivalent Hurwitz structures; that 
is, a lattice may be isometric to two different Hurwitz lattices such that there does 

^See |NS) for further information on the lattiees listed in Table 1. 

^The details of Sigrist and Jaquet-Chiffelle's calculations can also be found in Achill 
Schiirmann's paper | Sch| . 
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Table 2. The Mordell bound and conjectured Mordell bound for 
the Hurwitz Hermite constant for dimensions 4m < 28 



4m 


Best Known 
Upper Bound 


Mordell Bound 


Conjectured 
MordcU Bound 


4 


V% w 1.41421 






8 

12 


2 

2^/6 w 2.24492 


2^/2 2.82843 




16 


3.02639 


2^/2 2.82843 




20 


3.52006 


2"/6 w 3.56359 




24 


4 


4.21390 


4 


28 


4.48863 


223/10 ^ 4.92458 





not exist an isometry between them that is an H-module isomorphism. For example 
it is currently an open problem to determine if Aig has two inequivalent Hurwitz 
structures (see |Ma| p. 279]). With the Hurwitz structure presently known for Aig, 
all of the 12-dimensional sections perpendicular to a minimal vector in Kf^ are A^^^''. 
Jacques Martinet has shown in [Ma, Ch. 8] that if another inequivalent Hurwitz 
structure exists for Aig, then all of the 12-dimensional sections perpendicular to a 
minimal vector in A^ (computed with respect to the new structure) are A^^'". 

One final observation we wish to make concerning Table 2 is that the conjectured 
Mordell bound for 24-dimensional Hurwitz lattices is tight, and from this we can 
use Theorem 13.11 to make conjectures about the conditions satisfied by certain 
20-dimensional sections of the 24-dimensional Leech lattice as was done for the 16- 
dimensional Barnes- Wall lattice above. However, unlike the latter case, the Leech 
lattice has been proven to have a unique Hurwitz structure by H.-G. Quebbemann 
(see [Qup . 

4.2. The Mordell Bound for Eisenstein lattices. We now list in Table 3 the 
densest known lattices with Eisenstein structures in dimensions 2m < 26 with their 
Hermite invariantfQQ. All of the lattices in Table 3 are among the densest known 
lattices in their dimension; however, we note that this table is not a complete list 
of the densest known lattices for the dimensions shown because the density of the 
Conway-Borcherds lattice is equal to that of A26 and the former lattice does 
not have an Eisenstein structure. The lattices listed for dimensions 2m < 8 and 
for dimension 24 have all been proven optimal as ordinary lattices (and hence are 
optimal as lattices with an Eisenstein structure), and the lattice Aio has recently 
been proven optimal as a lattice with an Eisenstein structure by Achill Schiirmann; 
see [Schj for details. 

In Table 4 we list the Mordell bounds for Eisenstein lattices in dimensions 
2m < 26 next to the best upper bound previously known for , 2m). Note that 
the Mordell bounds listed in this table are computed iteratively, as was done for 
the Hurwitz case. Included in Table 4 is a column listing the conjectured Mordell 

^See |NS) for further information on the lattices in Table 3. 

''All lattices listed in Table 3, with the exception of the 26-dimensionaI laminated Eisenstein 
lattice A26, are unique as lattices and have a unique Eisenstein structure; see |CS2| and |CS3) 
for more information on the non-uniqueness of A26 as a lattice and for the uniqueness of the 
Eisenstein structures on the other lattices. 
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Table 3. The densest known lattices with Eisenstein structures 
in dimensions 2m < 26 



ZiUl 


IjcLLLlCCl S ) 


Hermite Invariant 


2 


— 

' — " -^2 


2/V3- 


:i 1T5470 


4 


A4 = D4 




:^ 1.41421 


6 


Ag = Eq 


2/31/6S 


^ 1.66537 


8 


As = Eg, 




2 


10 


Aio 


26/5 /3I/10 p 


2.05837 


12 




4/V3« 


i 2.30940 


14 


Ai4 


210/7 /31/14 p 


2.48864 


16 


A16 


23/2 . 


2.82843 


18 


A18 


25/3/3I/I8 . 


i 2.98683 


20 


A20 


2I7/IO 


3.24901 


22 


A22 


221/11 ^31/22 j; 


i 3.57278 


24 


A24 




4 


26 


A26 


4/31/26 S 


3.83450 



Table 4. The MordeU bound and conjectured Mordell bound for 
the Eisenstein Hermite constant for dimensions 2to < 26 



Dimension 
2m 


Best Known 
Upper Bound 


Mordell Bound 


Conjectured 
Mordell Bound 


2 


V3/2- 


s 1.15470 










4 


V2. 


a 1.41421 










6 


2/31/*^? 


s 1.66537 


73. 


=a 1.73205 






8 




2 




2 






10 




2.05837 


2 • 31/6 ; 


=i 2.40187 






12 




2.52179 




2.37841 






14 




2.77580 


213/10 . 31/10 ^ 


2.74822 


2"/VV3s 


s 2.65281 


16 




3.02639 




3.17552 


2^/2 s 


s 2.82843 


18 




3.27433 




3.47300 


211/7 . 31/14 g 


i 3.21460 


20 




3.52006 




3.72996 


2^/* s 


^ 3.36359 


22 




3.76404 




3.98416 


2I6/9 . 3I/I8 


i 3.64478 


24 




4 




4.23616 




4 


26 




4.24804 


223/11 . 3I/22 r 


=a 4.47831 







bound for Eisenstein lattices in the dimensions for which the optimal density of 
an Eisenstein lattice with one less complex dimension is not known. These conjec- 
tured bounds are computed using Inequality p.l[) in Theorem l3.1l with the Hermite 
invariants of the densest known 2(m — l)-dimensional Eisenstein lattices replacing 
7(f,2(m-l)). 

The bold entries in Table 4 indicate an improvement (actual or conjectured) 
on the best known upper bound for 7(£',2m). Specifically, we have improved on 
the best known upper bounds for the Hermite invariants of Eisenstein lattices in 
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dimensions 12 and 14, with the Mordell bound computed for 7(5, 12) being much 
closer to the Hermite invariant of the Coxeter-Todd lattice K12 than the upper 
bound from [CEj . Unfortunately with the improved bound for 7(5, 12) we are 
unable to conclude that the Coxeter Todd lattice K12 is optimal as a 12-dimensional 
lattice with an Eisenstein structure, despite the fact that it is widely believed to be 
optimal as a 12-dimensional lattice. However, one could have anticipated that this 
bound would not be sharp because K12 does not contain the lattice Aio as a 10- 
dimensional section, but rather contains the lattice K[q. For if the Mordell bound 
for 12) were tight, then by Theorem 13.11 any optimal lattice would contain 
Aio as a 10-dimensional section because Aio is the unique optimal 10-dimensional 
lattice with an Eisenstein structure. 

Moving on to the conjectured Mordell bounds for Eisenstein lattices displayed 
in Table 4, note that if one could prove A14 is optimal as a 14-dimensional lattice 
with an Eisenstein structure, then the Mordell bound for 16-dimensional Eisenstein 
lattices would imply that the 16-dimensional Barnes- Wall lattice Aig is optimal as 
a lattice with an Eisenstein structure. Moreover, due to the conjectured tightness 
of the Mordell bounds for 16 and 24-dimensional Eisenstein lattices, we can make 
conjectures about optimal 16 and 24-dimensional Eisenstein lattices, as was done 
in the Hurwitz case above for these same dimensions. 



Even though the focus of this paper is on lattices with Eisenstein and Hurwitz 
structures, we wish to emphasize that Theorem 13.11 applies to other types of O- 
lattices. Other O-lattices one can consider include the 2m-dimensional Gaussian 
lattices {O — Z[z]) and the 4TO-dimensional J^- lattices where J7 is the subring 
Z[l,i, in H corresponding to the maximal Z-order Z[l,i, ^^,i^]m 

the rational positive definite quaternion algebra 



Many of the densest known even-dimensional lattices have a Gaussian structure, 
and the 4m-dimensional JT-Iattices are of interest because they include the Coxeter- 
Todd lattice K12, the densest known 12-dimensional lattice, which curiously does 
not have the structure of a Hurwitz lattice; see |Gr) concerning the existence of a 
jj-lattice structure on K12. Note that the JZ- Hermite constant for dimension 8 is 
equal to 7(£'8); unfortunately K12 does not contain Es as an 8-dimensional section 
(see Proposition 8.7.9 in |Ma| ) . and so we cannot use Theorem 13. II to conclude that 
K12 is optimal as a 12-dimensional j7-lattice. 

It may be possible to use Theorem 3.1 to prove that an r(m — l)-dimensional 
lattice does not have a particular O-lattice structure. As pointed out to the author 
by Jacques Martinet, if we know the value of 7(0, rm) but do not know the value of 
7(0, r{m— 1)), then we can replace 7(0, r(m — 1)) in the inequality by the Hermite 
invariant of an r(m — l)-dimensional lattice A and check if the inequality remains 
valid. If the inequality is no longer valid, then this implies that A does not have an 
0-lattice structure. It would be interesting to find examples of lattices that can be 
proven not to have certain O-lattice structures using this method. 

By Theorem 8.7.2 in }Maj . the 8-dimensional lattice has an O-lattice structure 
over every maximal order O in an imaginary quadratic number field. Given that 



5. Remarks and Open Problems 




1,J 



■2 



3, 
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the Mordell inequality for Eisenstein and Gaussian lattices in dimension 8 is sharp 
(note that the densest 6-dimensional Gaussian lattice is Dq; see jSch] ) . it is natural 
to wonder if the Mordell inequality is sharp for O-lattices in dimension 8 whenever 
O is a maximal order in an imaginary quadratic number field. Even if this is not 
true in general, it still would be interesting if one could characterize the maximal 
orders O for which this inequality is sharp. 
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